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ABSTRACT: The safe operation of helicopters requires that the fatigue lives of dynamic components meet 
a minimum level of reliability.  To estimate the safe operational time of such components a deterministic 
safety factor approach such as σµ 3±  has been widely used by some helicopter manufacturers to determine 
the retirement lifetime of a component and has been claimed to meet a reliability level of 0.999,999 (six-
nines).  Based on field experience, this approach has performed well enough to ensure component failures 
due to fatigue are extremely remote, i.e. a reliability of six-nines appears to have been met.  However, the ( )σµ 3−TOS  approach has recently been shown, through theoretical analysis, to be highly non-
conservative in estimating the component lifetime at a reliability level of six-nines.  To satisfy certification 
and airworthiness requirements for present and future aircraft structural components there is a need to 
resolve the discrepancy between the results of theoretical analysis and field experience.  In this paper, the 
source of this discrepancy is identified and methods to address it are discussed. 
 
1 INTRODUCTION 
In the helicopter industry, it is mandatory that the Component Retirement Time (CRT or safe-life) 
of single load path, non-redundant dynamic components be determined on the basis that the 
probability of failure is less than one in one million (or six-nines reliability).  This requirement 
implies that the CRTs of helicopter dynamic components must be determined probabilistically.  
Despite this requirement, which is part of the formal certification and airworthiness of dynamic 
components, the safety factor approach is still being used by some manufacturers in determining the 
safe-life of dynamic components in helicopters.  The Top-of-Scatter/mu-minus-three-sigma 
( ( )σµ 3−TOS ) method (Thompson and Adams 1990; Zion 1996), is an example of a safety factor 
methodology that is used by a major helicopter manufacturer for determining CRTs for their 
dynamic components.  Field experience has shown that this approach has performed well enough to 
ensure that component failures due to fatigue are extremely remote.  However, it is not clear 
whether such a safety factor approach is consistent with the requirement for a six-nines reliability. 
Thompson and Adams (Thompson and Adams 1990) have suggested that the ( )σµ 3−TOS  
method reasonably meets the six-nines reliability.  However, the results are unconvincing because 
their analysis used a Monte Carlo simulation with number of simulations three-orders of magnitude 
short of showing that a one in one million probability is achieved.  The subsequent extrapolation of 
results out to a reliability of six-nines could result in significant error.  Recently Polanco and Tong 
(2003) and Tong et al. (2003) presented a systematic probabilistic analysis, the results showing that 
the CRT obtained via a ( )σµ 3±  method cannot achieve the required one in one million probability 
of failure.  In fact, the risk of failure associated with the ( )σµ 3±  method was shown to be as much 
as three-orders of magnitude higher than the six-nines reliability requirement.  This large difference 
between the levels of reliability associated with the conventional ( )σµ 3±  approach and the 
probabilistic approach has attracted some attention from some researchers, who have questioned 
why the failure of components due to fatigue in helicopters is so rare, when theory suggests that it 
should be more frequent? This discrepancy between theoretical analysis and service experience 
should be a real concern for helicopter manufacturers and operators.  The purpose of this paper is to 
address some of the factors that may contribute to this discrepancy. 
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2 VALIDATION OF PROBABILITIES 
Validation of probabilistic analyses has always been an important aspect of structural reliability 
analysis.  However, there is no practical or viable way for verifying the probability of failure as 
determined by probabilistic analysis because, for both safety and economic reasons, engineering 
components are not allowed to operate until failure, therefore data is not accumulated to validate the 
calculated probability of failure. 
Since probabilistic analysis is merely a set of mathematical procedures that compute the 
probability of failure of a relevant variable based on its relationship with its basic variables, it 
indicates that the accuracy of a probability prediction can only be as accurate as the inputs 
themselves.  An alternative approach to assure that a probabilistic prediction is representative of 
reality is to focus on the accuracy and validity of the input data, and the ability of the probabilistic 
procedures (Melchers 1999) to evaluate probabilities accurately.  Therefore, significant attention 
must be paid to using probabilistic methodologies that evaluate probabilities with high accuracy, 
utilising a representative physical and probabilistic model, and have reliable representation of 
variation of random variables particularly in the significant tails of random variables (tail that gives 
the lowest probability of failure of fatigue life). 
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Figure 1: Probabilistic fatigue life assessment using Miner’s rule 
3 PROBABILISTIC FATIGUE LIVES DETERMINATION 
In the helicopter industry, Miner’s rule of linear cumulative damage must be used for fatigue life 
determination (Wolfe and Arden 1979).  For a one-hour mission that contains a total of J load 
conditions, each load level comprising n cycles, the total damage D incurred during the one-hour 
mission can be estimated by Miner’s rule,  
1
1
J
j
j j
n
D
N=
= ∑  (1) 
where jN  is the number of cycles to failure at load level j .  The fatigue life L  (number of hours to 
failure) of a component is thus given by,  
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1
1     (hours)L
D
=   (2) 
Based on Eqn (1), D  is subject to scatter because, in reality, jn  and jN  are random variables.  
Given that the statistical distributions of jn  and jN  are known, the cumulative distribution 
function (CDF) of D  can be computed as 
( ) ( )∫
≤
=
1DD
X dXXfDP   (3) 
where X  denotes a vector of random variables namely ( )jj Nn , , and ( )XfX  denotes the joint 
probability density function of X .  A graphical interpretation of this problem is shown in Fig. 1. 
For the computed CDF of D  to reasonably approximate of reality, Eqn (3) indicates that two 
elements, namely: (1) ( )XfX , and (2) the limit-state equation, needs to match well with reality. 
3.1 Uncertainty in damage and fatigue life modelling  
It is generally recognized that the fatigue life of a dynamic component is dominated by the crack 
initiation and short crack growth stage while the long crack growth stage represents a minor portion 
of the total life prior to final fracture.  This, combined with the large number of fatigue cycles 
applied to helicopter dynamic components, has meant that using a damage tolerance approach has 
not been practical.  Furthermore, the use of Miner’s rule of fatigue life determination for helicopter 
components has been a major requirement of certification agencies. 
The deterministic life model is the primary element in probabilistic assessment because it 
identifies the random variables that influence the fatigue life of components, and if the life 
prediction model does not provide a reliable estimate of fatigue life to begin with, any subsequent 
probability prediction would also be in error.  Such uncertainty in modelling the relevant variable is 
known as modelling uncertainty, and can only be reduced with research or increased availability of 
data (Melchers 1999).  Since at present, there is no more suitable alternative model to Miner’s rule, 
it will remain to be used for determining the fatigue lives of helicopter dynamic components. 
Given Miner’s rule is used for fatigue life prediction, there are different ways in which damage 
accumulation can be modelled, and such models should be chosen to reflect how the loads are 
applied in reality.  To illustrate this, consider the arbitrary load occurrence function displayed in 
Fig. 2, where the load occurrences have been discretized into three levels, and there is variation in 
load occurrence at each load level, which is represented by a statistical distribution as shown in Fig. 
2.  The damage accumulation can be modelled as either fully dependent or fully independent load 
occurrence as follows: 
3.1.1 Dependent load occurrence  
Dependent load occurrence has been the most widely used case (Schauble and Maloney 1964; 
Polanco and Tong 2003; Tong, Wang et al. 2003), and assumes that the variations of applied load or 
cycles for all load levels are fully dependent.  In this case, the variations in applied cycles for all 
load levels can be modelled with just the one random variable.  Assuming the variation in applied 
cycles is normally distributed, the variation in applied cycles can be given by, 
j jj n n
n µ ασ= +  (4) 
where jnµ  is the mean applied cycles at thj  load level per operating hour, jnσ  is the standard 
deviation of applied cycles at thj  load level, and α  is a standard normal random variable that 
describes the probability distribution of applied cycles. 
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Figure 2: Variation in load occurrence at various load-levels 
3.1.2 Independent load occurrence 
Alternatively, the applied cycles for each individual load level can be random.  In this case, each 
load level should be treated independently.  For example, three different load levels for the load 
occurrences function displayed in Fig. 2 implies that three random variables are needed to represent 
the variation of applied cycles, i.e. one for each load level. That is: 
j jj n j n
n µ α σ= +  (5) 
where jα  is the standard normal random variable that describes the probability distribution of 
applied cycles for the thj  load level. 
The difference between these two cases, in terms of their resulting probability of failure, can 
only be determined via probabilistic assessment, and may be different from case to case.  In terms 
of probabilistic modelling, these two cases are significantly different.  This is because, by taking 
into account one additional random variable to represent the variation in the material S/N curve, the 
dependent case is a two random variables problem, while the independent case is a four random 
variables problem.  It is important to identified whether the reality is a fully dependent or fully 
independent case when carrying out probabilistic assessments. 
To demonstrate the differences in probability of failure for the two cases above, probabilistic 
analyses have been computed using the load occurrence function of Fig. 3 and the material S/N 
properties displayed in Fig. 4.  Note that the curves shown in Fig.3 correspond to a constant 
coefficient of variation of 0.1, i.e., 0.1
j jn n
σ µ= , and the variation in S/N curve in Fig. 4 is given in 
terms of strength and assumed to be normally distributed.  It is also assumed that a constant 
variation of fatigue limit strength is applied throughout the S/N curve, which is given as 
S SS µ λσ= +  (6) 
where Sµ  is the mean material S/N curve, Sσ  is the standard deviation in strength at the fatigue 
limit, and λ  is a standard normal random variable that describes the probability distribution of 
variation in S/N curve.  A coefficient of variation of 0.15 is used for the S/N curve shown in Fig. 4.  
The cumulative distribution functions computed for these two cases are shown in Fig. 5.  
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Figure 3: Mean and Variation in load occurrence at various 
load levels 
 
Figure 4: Mean and variation in material fatigue strength 
curve 
For this example, the cumulative distribution functions for the two cases are very similar, 
indicating that the influence of variation in applied cycles on fatigue life is very small.  This 
example indicates that the assumption of either dependent or independent load levels (modelling 
error) may not be the major source responsible for the large discrepancy between theoretical results 
and real-life statistics.  However, this may not generally be true. 
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Figure 5: Cumulative distribution functions of fatigue life for two modelling assumptions: (1) Dependent load levels, 
(2) Independent load loads. 
3.2 Uncertainty in Statistic Modelling of Random Variables 
Given that (1) the fatigue life prediction model provides a reasonable estimate of the actual fatigue 
life of the component, and (2) that the assumption of dependent or independent load levels results in 
minor differences in the probability of failure, then the remaining source that could gives rise to the 
discrepancy is in the statistical modelling of the distribution of random variables. 
It is important to realise that at a small probability of failure of 610− , it is generally the significant 
tails of the probability distribution of random variables are contributing most to the probability of 
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failure.  This issue in structural reliability analysis has been known as the ‘tail sensitivity problem’ 
(Melchers 1999).  To overcome this problem, considerable attention needs to be paid to accurately 
determine the probability distribution of random variables, especially at the significant tails. 
To assess the importance of the tails of the distributions of random variables, a study of Miner’s 
rule using the case of dependent load levels is made.  However, as it has been shown that the 
probability of failure for both dependent and independent load levels cases is almost identical, then 
the result for the dependent load case should also reflect the case of independent load levels.  The 
results from this assessment are plotted in Fig. 6, which shows fatigue lives as a function of α  and 
λ .  Superimposed on this plot are the contours of the joint probability densities of α  and λ , and 
the locus of the point of maximum likelihood (MLP locus) as a function of fatigue lives.  Table 1 is 
the computed probability of failure associated with the plotted values of fatigue lives.  The non-
smooth change of contours of constant fatigue life, with respect to one other, is due to the variation 
in the S/N curve is given in terms of strength, so that load levels near the fatigue limit that were non 
damaging for the higher probability S/N curve had become damaging for the lower probability S/N 
curves. 
 
Table 1: Probability of failure at various 
values of fatigue lives 
Fatigue Life Probability 
50 2.2638x10-9 
100 1.0499x10-5 
500 4.5988x10-2 
1000 0.11687 
5000 0.40288 
10000 0.51482 
50000 0.72920 
100000 0.78213 
500000 0.92112 
 
 
Figure 6: Contour plot of fatigue lives, probability density and the point 
of maximum likelihood as a function of random variables α  and λ . 
Fig. 7 plots the negative sensitivity factors of fatigue lives at several MLPs with respect to each 
random variable.  The sensitivity factors are taken at the MLP, as this is the point that contributes 
most to the probability of failure. A sensitivity factor of zero for a random variable means its 
variation has insignificant contribution to the change in fatigue life and probability of failure, while 
the absolute value of sensitivity factor of one for a random variable means its variation has a 
dominating effect on the change of fatigue life and probability of failure.   
Figs. 6 and 7 show that throughout the range of probabilities of interest λ  is the most influential 
variable, and hence the dominant factor in the probability of failure.  In comparison, the influence 
of the variation in applied cycles on the probabilities of failure is very small. 
From Fig. 5, the fatigue life at a 610−  probability of failure is approximately 96 hours.  The 
values of α  and λ  that contribute most to this probability are identified by the MLP locus as 1=α  
and 5.4−=λ .  This is very significant because it indicates that if a safety factor approach is to be 
used, a value of 1=α  in applied cycles and 5.4−=λ  in material strength is the most appropriate to 
obtain a fatigue life with a probability of failure of 610− .  From Fig. 6, it can also be seen that the 
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σµ 3± , and the ( )σµ 3−TOS  approach cannot obtain a reasonable estimate of the fatigue life at a 
probability of failure of 610− .  Furthermore, in the context of probability analysis, a value of 1=α  
for the variation of applied cycles indicates that a reliable representation of only the general trend or 
centre bulk behaviour ( %90%10 − ) of the variation in applied cycles (or load) is sufficient for 
probabilistic analysis when determining the fatigue life at a probability of failure of 610− .  However, 
a value of 5.4−=λ  in material strength indicates that the variation of material strength at the 
significant tail (lower strength) needs to be determined to a probability of exceedance of less than 
610− .  This result indicates that less effort can be invested in obtaining the variation of operational 
loads, while significantly more effort is required to determine the variation of material strength to 
5.4−=λ , as it has a dominant influence on the probability of failure of fatigue life.  Most variation 
in S/N curve is currently only determined to 2−=λ , therefore unrealistic representation of the 
variation of material strength at the tail may be the main reason for the discrepancy between 
theoretical analysis and field experience. 
-1.0
-0.8
-0.6
-0.4
-0.2
0.0
0.2
0.4
0.6
0.8
1.0
0.9210.5150.1170.04610-5
Probability
S
en
si
tiv
ity
 fa
ct
or
 α
 λ
 
Figure 7: Sensitivity factors with respect to α  and λ  at various levels of probabilities of failure 
4 DISCUSSION AND LIMITATION 
The important outcomes from this study is that it has shown the relative influence of each variable 
has on the probability of failure of fatigue life, and that it is unnecessary to ensure that the 
significant tails of the distributions of all of the random variables need to be accurately represented.  
In the present case, where Miner’s rule is used for fatigue life determination, it is only important to 
accurately represent the significant tail for material S/N properties.  This is because over the range 
of probability of failure of interest, it is most sensitive to the variation in the S/N curve. 
The use of a load occurrence function in the above assessment is at variance with the general 
practice of helicopter manufacturers.  In the latter case, applied cycles are commonly fixed and 
variation is given in loads for each load condition.  Further analyses would be required to quantify 
the differences between these two cases.  In addition, the example used has most load levels above 
the fatigue limit, whereas a characteristic of load conditions in helicopters is that most loads are 
well below the material fatigue limit.  Since the variation in material (S/N) property is the dominant 
input variable in fatigue life, this could significantly affect the fatigue life predicted and the 
probability of failure associated with it.  This is the source of the stepped behaviour in (Tong, Wang 
et al. 2003), and it indicates that extrapolation techniques, such as that used in (Schauble and 
Maloney 1964; Thompson and Adams 1990), should not be relied upon. 
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This study assumed that the variations in applied cycles per operating hour and the variation in 
material strength are characterised by the normal distribution.  However, it can be argued that the 
normal distribution may not be the most appropriate distribution type to represent these variables, in 
particular for the variation in material strength.  Physically, material strength or S/N properties must 
display a minimum value of strength that is greater than zero.  This suggests that other distribution 
types, such as a three-parameter Weibull distribution with finite lower tail would be a more 
appropriate choice.  Nevertheless, choosing the more appropriate distribution type does not 
overcome the need for large database so a representative tail of the variation in material strength can 
be established.  With the increasing demands to determine probability of failure of engineering 
components accurately, the need to establish more sophisticated methods to allow reliable 
determination of the tails of the distribution of random variables economically is required. 
5 SUMMARY 
The most viable way to ensure the results of probabilistic analysis for engineering components to be 
representative of reality is to ensure that: 
1. The physical model and probabilistic modelling are good simulations of reality, 
2. The probabilistic method used can evaluate probabilities accurately, and  
3. The statistical simulation of the variation of random variables is reliable. 
It is shown in this study that, not all basic variables have the same degree of influence on the 
fatigue life.  It is therefore unnecessary to ensure that the significant tails of all distributions of 
random variables need to be accurately represented.  For helicopter dynamic components, where 
Miner’s rule is used for fatigue life determination, it is more important to accurately represent the 
significant tail for distribution of the material S/N curve than the distribution in applied loads or 
applied cycles.  Based on the assumptions and results of the case study, it has been shown that the 
appropriate factors of safety for applied cycles and material strength to determine the fatigue life at 
a probability of failure of one in one million are σµ 1+  and σµ 5.4− , respectively. 
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